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The method of de termining the t empera tu re  gradient  at the boundary of a semi-infini te  region 
proposed ea r l i e r  for l inear problems [1-3] is outlined as it applies to a nonlinear problem. 

After  an appropr ia te  choice of sca les  of the var iables ,  the problem with zero  initial conditions descr ibing 
the heat t r ans f e r  in a semi- inf ini te  region absorbing heat according to the taw aT +bT 2 (a, b > 0) may be writ ten 
in the form 

OT OZT 
Ot Ox z 

.-t- k (T + TZ]2) = O, O ~ x  < oo, O< t .~  c~, 

TI~=o = T, (t), 

Tlt=o = O. 

(1) 

(2) 

(3) 

(4) 

The absorpt ion law is chosen in this fo rm so as to allow an exponential representa t ion  for slight t empera tu re  
deviations f rom the zero  value: T + T 2 / 2 ~ e x p T  - 1. 

It is required  to determine the t empera tu re  gradient  at the boundary of the region, qs = (0T/0X)x=0" E a r -  
l ier  [1], the dependence between T and q = 8T/&x was found fo r  an analogous problem associa ted  with the linear 
equation 

OT 027 " (5) 
Ot Ox ~ + ~'(x' t) T = O 

(where 3, is an a r b i t r a r y  function having all its der ivat ives  with respec t  to the two arguments)  in the form 

_ _ q = D 1 / 2 T +  ~12 D-1"2T+--4  D-1T + Y"8 8i 8 D -a /~  - 1 6  8 4 . D-~T-+''" 

t j. 1 d T (x, "~) (I - -  ~:)-v d'~, v , ~  1, 
D " r -  F (1 --"o) cIt 

0 

(6) 

D~t ~ = F (p + I) t~_v. 

Here,  a pr ime denotes the derivat ive,  with respec t  to the coordinate,  and a dot the derivat ive with respec t  to 
t ime.  

Setting T = k{1 +T/2)  makes Eqs. (3.) and (5) coincide. Substituting the same express ion into Eq. (6), and a s -  
suming that T (by analogy with the l inear problem) is an analytic function of x and has all its der ivat ives  with 
r e spec t  to t, a re la t ion between q and T for Eqs.  (1)-(4) may be written. It  is assumed that T ~' = T +k(T +T2/2) 
and also (by analogy with the l inear  problem) that the mixed der ivat ives  am+nT/&xm3tn do not depend on the 
o rder  in which the differentiat ions a re  per formed.  The relat ion between q and T then takes the form 
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( k2 kZ 3k2 qZ ka k3 T + ,  3k3 Tz-~ 
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-1- 128 T3 D-5/2 T-k -67 q-b-6"4- q + - ~  Tq--  

k 2 j , q +  9 U  k 3 ) 0 _  3 
128 ~ q 64 T2q T +  

k2 7~2 k 2 7k ~ 5k 3 kZ T-k, -k- T T +  q q + -  J'q- 
-k 128 128 128 ~ 128 

ka 3ka q2 3ka 5k~ 
9k---~-3 TT~ + T27; q- - -  - -  128 

-{- 256 128 1 - ~  512 Tq2-- - -  + 

kr 3k r T2+ k~ T 3 -  k~ ) (7) T+ - -  T 4 D-Z/2T + . . . .  
+ 256 128 512 512 

Equat ion  (7), wr i t t en  for  x =  0, g ives  the r e l a t i on  be tween  a spec i f ied  value Ts( t )  and the d e s i r e d  g rad ien t  
a t  the boundary  qs(t) .  

An exp l i c i t  e x p r e s s i o n  for  qs in t e r m s  of T s will be sought  in the f o r m  of a s e r i e s  in powers  of k 

q~ = qo + kq~ + k2q2 + ka% + . . . .  (8) 

Subst i tu t ing  Eq.  (8) into Eq.  (7) and equat ing  e x p r e s s i o n s  with the s ame  power  of k, r e c u r r e n c e  r e l a t ions  for  de-  
t e r m i n i n g  qn a r e  obta ined 

--% = D1/2T,, 

( 1  Ts ) D-1 qo~_ D-iT8 1 aoD-2Ts + 1 qoD-aT,_j_ , 
- - q '=  - * - T  /~r,q- 8 Z " - ~  "'" 

1 1 T,)  D-a;2Ts - 

__ 1 qi -k - ~  qo + ~ Toqo D-2Ts--  

__(" 1 5b _k 1 2b~T~-[- 3 ) , -~  - ~  - ~  qo D-~"2T* + 

-k 1 q~ + - ~  qo + - ~  128 

1 -1 /)__~ 3 ~_ I 
T s 3-5 

(6-~- 1 I T ~ + 3  3 1 
- -  q07i 16 64 12--'8- T~ + 128 

128 ~ 128 ~ %% . . . .  
\ 

Ts:tl ) D-2T.~ - 

T3 ) D-5/~T~ + 

9 i .. 3 �9 ~_ 1 T~qi 1 7~q, ~ qo- -  
~- - ~  ao+  ~ - q ,  , - ~  128 128 

( 7  . �9 t T;%" D -3T-k ~ -  qoq~+ ~ q*%+ 
64 

+ - i - ~  - ~  128 T~ T~+  ~ q5--  

3 Tsq 2) . . . . . .  D-r/2T -- 
512 (9) 
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Equations (8) and (9) give a solution of the formula ted  p r o b l e m -  an e x p r e s s i o n  for  the t e m p e r a t u r e  g rad -  
ient at  the su r f ace  for spec i f ied  change in su r face  t e m p e r a t u r e .  

In pr inc ip le ,  this  solut ion may  be obtained for Eqs .  (1)-(4) by the method of succes s ive  approximat ion .  
However ,  in p rac t i ce  only q0 and ql may  be found. Determining  subsequent  approx imat ions  involves an e x t r e m e -  
ly la rge  volume of ca lcula t ions ,  even for  a speci f ic  function Ts( t) .  

The method proposed  he re  a l lows s e v e r a l  t e r m s  of the expansion in Eq. (8) to be eas i ly  calcula ted,  s ince 
the whole t e m p e r a t u r e  field is not de te rmined  for  each  approx imat ion .  

E x a m p l e  1 

Consider  the case  of a s tepwise  change in t e m p e r a t u r e  at  the boundary:  T s = | = const .  It  follows f rom 
Eq. (9) that  

--qo = 0r~-t/2 t-l~2, 

- - q ~ :  [ ( 1 0 +  2 81 0 1128 O--151----2--- O-- )]  ~ - l / 2 t ~ / 2 ~ [ O + O ' 3 6 5 0 2 ] ~ - l / 2 t ' / 2 " ' ' "  

To check the p roposed  method,  an accu ra t e  value of ql is found by the method of succes s ive  approximat ion ,  a p -  
plied to Eqs .  (1)-(4). I t  is found that  

- - q i = [ O + { 1 - - 2 / ~ ) O  2 ] - l / 2 t  1/2 ~ [ 0 +  0.363 02 ] - i / 2 t  l/e. 

Compar i son  shows that  the coeff ic ient  for  | is de te rmined  accu ra t e ly  by the proposed method and that  for 02 
with a r e l a t ive  e r r o r  of 0.55%. 

For  the subsequent  t e r m s  in the expansion in  powers  of k, accord ing  to Eq. (9), it is found that  (to illu- 
s t r a t e  the r a t e  of convergence  of the s e r i e s ,  each  t e r m  of the expansion for  D v is wr i t t en  sepa ra t e ly ,  s t a r t ing  
with the f i r s t  s ignif icant  t e r m )  

- -q2 = [0.167 0 + (--0,125--0,083 -}- 0.055--0,004 "-I- 

+ 0,000 . . . .  ) 02 -t- [--  0,046 + 0,018 - -  0,004 + 

-t- 0.001-- 0.001 + ... '~03 ] YC -I /2 t 3/2, 
- -  q3 = [0,033 O + (--  0,021 + 0,000 + 0,070 + 0,008 - -  0,016 + 

+ 0.000 - -  . . . )  02 + (--  0,019 + 0.000 + 0,036 - -  0,015 -'}- 

+ 0,000 + 0,001 . . . .  ) 03 + (--  0,004 + 0,000 + 0,006 - -  0.002 + 

+ 0.002 - -  0,000 + �9 �9 .) 0 ~] ffl~ - 1 / 2  t 512, 

For  example ,  for  | = i 

_ q8~1/2t-~/2 (1 + 1.365kt-- 0.348Ut 2 + 0,079k3t 3 - -  . . .).  

This  is sui table  for  p rac t i ca l  ca lcula t ions  with kt< 1. 

The p r e sen t  method will now be applied fo rma l ly  to a p rob lem of the type in Eqs .  (1)-(4) involving an 
a r b i t r a r y  nonl inear  hea t -conduct ion  equation 

~z T, - - - - 9  T, +~, T, T = 0 ,  
ot T ox2 

(lo) 

where  ~,  /3, and 7 a r e  analyt ic  functions of the a r g u m e n t s ,  c~>-0. 

Since it is imposs ib le ,  at  p re sen t ,  to give a r igo rous  jus t i f ica t ions  of the method as  applied to nonlinear  
equat ions ,  the solution has been checked for s e v e r a l  nonl inear  p rob l ems  whose accu ra t e  solution is known. The 
example  which is s i m p l e s t  in computat ional  t e r m s  will be given here .  

E x a m p l e  2 

It  may  be conf i rmed  by d i rec t  ver i f ica t ion  that  the p r o b l e m  
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or (11) 

h a s  the  a c c u r a t e  s o l u t i o n  

Ot 

OzY " OT )2 
Ox 2 ~- k I--O-if- x , = 0 ,  O <~ x < oo, O < t < c ~ ,  

TI~=o --  t; T[~=~ = O; TIt=o = 0 

T =  - -  k -1 In {1 - -  [1 - -  exp ( - -  k)] erfc (2 - i  xt  -1/2)}, 

0T x=0 = k-1 (exp k - -  l) .n -1/2 t -1/~- = 
qs Ox 

- (1 Q- k/2 ~- k2/'6 ~- k3/24 ~- . . . )  ~-1/21-1/~ 
.~ (I -~ 0.5000k + 0.1667k 2 + 0,0416k 3 + . . .) ~-1/2 t - i /2 .  

The  m e t h o d  p r o p o s e d  h e r e  wi l l  now be u s e d  to  s o l v e  Eq.  (11) s e t t i n g  c~=1, f i = - k T ' ,  7 =  0 in Eq.  (10). U s -  
ing  the  f o r m u l a s  of  [1], a r e l a t i o n  a n a l o g o u s  to Eq.  (7) m a y  be w r i t t e n ,  r e t a i n i n g  t e r m s  up to  a~ (for D-S/2T). 
The  s o l u t i o n  ob t a ined  i s  of the  f o r m  

--q~ = (1 -}- 0.5000k -b 0-1691k 2 -b 0.042Ik3-} - . .  -) n - I / 2  t - I / 2  

C o m p a r i s o n  wi th  the  a c c u r a t e  s o l u t i o n  in Eq. (12) shows  tha t  the  c o e f f i c i e n t  for  k is  c a l c u l a t e d  a c c u r a t e -  
ly and the  c o e f f i c i e n t s  for  k 2 and k 3 wi th  a r e l a t i v e  e r r o r  of  1.4 and 1.2%, r e s p e c t i v e l y .  

The  cond i t i ons  of  a p p l i c a b i l i t y  of  the  me thod  a r e  m o r e  c o n s t r a i n i n g  than  for  l i n e a r  p r o b l e m s .  F r o m  the 
m e t h o d  of c o n s t r u c t i n g  the  s o l u t i o n  i t s e l f ,  i t  fo l lows  tha t  Ts( t )  m u s t  have  d e r i v a t i v e s  of a l l  o r d e r s  in the  i n t e r -  
va l  0 < t <  ~.  ( In  l i n e a r  p r o b l e m s ,  T s ( t ) m a y h a v e a  d i s c o n t i n u i t y  of  the  f i r s t  Mnd in the  g iven  r a n g e . )  At  the  
poin t  t = 0, Ts( t )  m a y  have a d i s c o n t i n u i t y  of the  f i r s t  k ind  even  in n o n l i n e a r  p r o b l e m s ,  s i n c e  the  5.-l ike p r o p e r -  
t i e s  a r i s i n g  on d i f f e r e n t i a t i o n  [ see  Eq .  (7)] a r e  c o m p e n s a t e d  by  h i g h e r - o r d e r  z e r o s - t h e  f a c t o r s  D-UT s .  

C o n s i d e r a t i o n  has  a l s o  been  g iven  to  s e v e r a l  e x a m p l e s  in which  a ,  P, and - / i n  Eq.  (10) a r e  in f in i t e ly  d i f -  
f e r e n t i a b l e ,  but  not  a n a l y t i c  func t ions  of the  a r g u m e n t s .  I t  was  found tha t  the  f o r m o f t h e  so lu t i on  in Eq.(9)  i s  d e -  
t e r m i n e d  c o r r e c t l y ,  but  the  in f in i t e  s e r i e s  a r i s i n g  in c a l c u l a t i n g  the c o n s t a n t  f a c t o r s  have no o b s e r v a b l e  t enden -  
cy  to  c o n v e r g e .  

Thus ,  the  me thod  h e r e  p r o p o s e d  i s  p r a c t i c a l l y  a p p l i c a b l e  when a ,  fl, and ~ / a r e  a n a l y t i c a l  func t ions  of the 
a r g u m e n t s ,  and the  s u r f a c e  t e m p e r a t u r e  Ts( t )  i s  an i n f i n i t e l y  d i f f e r e n t i a b l e  funct ion  for  a l l  t > 0. At  the  point  
t = 0 ,  a f in i te  d i s c o n t i n u i t y  in T s i s  p e r m i t t e d .  

NOTATION 

D ~, f r a c t i o n a l - d i f f e r e n t i a t i o n  s y m b o l ;  T ,  t e m p e r a t u r e ;  q, t e m p e r a t u r e  g r a d i e n t ;  k, p a r a m e t e r  c h a r a c -  
t e r i z i n g  h e a t - t r a n s f e r  r a t e ;  x, t ,  c o o r d i n a t e  and t i m e ;  ~ ,  fi, % c o e f f i c i e n t s  of  g e n e r a l  h e a t - c o n d u c t i o n  equa -  
t ion ;  | cons t an t ;  I n d i c e s :  s, s u r f a c e .  

i. 

2. 

3. 
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